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Abstract. Atsufficiently small soil clay content, the clay con-
tributing to the soil aggregates usually contains so-called lacunar
pores that are essentially larger than the clay matrix pores. A recently
introduced parameter, the soil lacunar factor, determines the
volume fraction of the clay matrix pore decrease at shrinkage that is
transformed to the lacunar pore volume increase inside aggregates.
The lacunar factor essentially influences the soil shrinkage and is
a fundamental soil property that can be found independently of a mea-
sured shrinkage curve. The aim of this work was to theoretically
derive and experimentally validate an expression to estimate the
soil lacunar factor through the actual soil clay content and critical
soil clay content (when the actual soil clay content is higher than
critical one the lacunar pores lack). To validate the approach the
available data of sixteen soils were used.
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INTRODUCTION

The shrinkage curve is one of the key soil characteristics
in both agricultural and civil engineering applications. The
contemporary methods of its measurement are known
(Braudeau et al., 1999, 2004; Sander and Gerke, 2007; Tariq
and Durnford, 1993). However, the possibility of predicting
an observed soil shrinkage curve in the meaning of physical
prediction ie from a finite number of physical soil parame-
ters that are measured or estimated independently of the soil
shrinkage, is so far lacking. Available models of the soil shrin-
kage with all essential differences between them are reduced
to curve-fitting to relevant experimental soil shrinkage data
(Cornelis et al., 2006; Giraldez et al., 1983; Groenevelt and
Bolt, 1972; Groenevelt and Grant, 2001; Olsen and Haugen,
1998; Peng and Horn, 2005). The authors use parameters
(from 3 to 11 depending on the model) of some mathema-
tical approximation (different for different models) of a shrin-
kage curve in the fitting. Atleast a part of these parameters in
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each of the models has no clear physical meaning and can
only be found by fitting. As a consequence, although the mo-
dels can be practically useful for applications in civil engine-
ering, soil technology, and water management, their possibili-
ties from the viewpoint of advancement in physical under-
standing and knowledge of the links between soil structure
and soil shrinkage as a function of the structure, are in the
best case, limited. In addition, the shrinkage curve of a soil is
non-single valued since the crack volume contribution to the
shrinking soil volume depends on sampling, sample prepara-
tion, sample size, and drying regime (Braudeau et al., 1999;
Cabidoche and Ruy, 2001; Crescimanno and Provenzano,
1999; McGarry and Daniels, 1987; Yule and Ritchie, 1980a,b).

Recently a new approach to physical prediction of soil
shrinkage (without fitting) was proposed (Chertkov, 2007a,
b, ¢; 2008a). This approach investigated the reference shrinka-
ge curve that, by definition, corresponds to shrinkage with-
out inter-aggregate cracking and for this reason can be pre-
dicted in a single-valued manner. The approach derives the
reference shrinkage curve of a soil from the shrinkage curve
of a clay contributing to the soil and two new features of the
intra-aggregate soil structure:

— the existence and dewatering of a deformable, but non-
shrinking aggregate surface layer (interface layer),

— the existence and volume increase of intra-aggregate lacu-
nar pores at soil shrinkage.

The interface layer exists at any soil clay content. Its
mean thickness increases as clay content decreases. The la-
cunar pores exist at a clay content lower than a critical value.
The derivation of the reference shrinkage curve leads to the
understanding of the origin of the shape of a soil shrinkage
curve and can be used in estimating the contribution of the
crack volume to the soil shrinkage curve (Chertkov, 2008b, c),
the soil hydraulic properties, and in other applications as
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well as in preparing the soil with a priori given shrinkage

properties. The reference shrinkage curve is determined by

a number of physical soil characteristics that can be measu-

red independently of the shrinkage curve. Among them

there are two new characteristics:

— the ratio of the aggregate solid mass to the solid mass of
the intra-aggregate matrix (K ratio),

— the lacunar factor that characterizes the rate of lacunar
pore volume change with water content (k factor).

Both these characteristics have a clear physical meaning
and can be easily obtained in two ways - as fitting parameters
(the traditional way in civil engineering, soil science, and
hydrology) and immediately from the geometrical characte-
ristics of a measured shrinkage curve (Chertkov, 2007¢).
The accordance between the K and k values obtained by the
above two ways means that these parameters are fundamen-
tal soil characteristics. However, of the special interest is the
possibility of estimating these physical soil characteristics
based on the soil structure and independently of an experi-
mental shrinkage curve. Such consideration, as applied to
the K ratio, was recently undertaken (Chertkov, 2008d).

The aim of this work is to propose an approach for esti-
mating the & factor at any sufficiently low soil clay content
through other soil characteristics.

For the model validation available data on the properties
and shrinkage curves of sixteen soils were used. A part of
these soils was earlier used in the validation of the reference
shrinkage curve approach (Chertkov, 2007¢). The others are
also used in this work, in addition to the above major ob-
jective, as supplemental confirmation of the reference shrin-
kage curve approach.

THEORY

In the case of a sufficiently small clay content (the speci-
fication see below) the soil lacunar factor, & is defined as the
fraction of the increment of the clay matrix pore volume at
shrinkage, du,<0 that is transformed to the corresponding
increment of the lacunar pore volume inside aggregates,
dujp>0 (Fig. 1b). That is, by definition (Chertkov, 2007c;
2008a):

dutp = -k ducp, 0=k = const<l.

(M

Here ucp, and uyp, are the relative clay pore (‘cp’ index)
and lacunar pore (’lp’ index) volume within the limits of the
intra-aggregate matrix (Fig. 1b) (‘relative’ means the ratio
of a corresponding volume to that of the intra-aggregate
matrix at the liquid limit). The following result (Chertkov,
2007c; 2008a) is essential: that the k& factor, by definition
connected with the variation of the intra-aggregate structure
ofasoil at shrinkage, determines the slope, S of the reference
shrinkage curve in the basic shrinkage area as:

S=(1-k)lpw , 2
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where p,, is the water density. Equation (2) gives the simple
connection between the immediately observed (macro)
parameter of soil shrinkage (S) and (micro) parameter of the
intra-aggregate structure (k).

All soils can be divided into two groups with the clay
content, ¢ higher and lower than some critical value, c*
(Chertkov, 2007a, ¢; 2008a). The latter depends on the shrin-
kage characteristics of the contributive clay and the inter-
grain porosity of the silt and sand component (with smooth
grain-size distribution according to the intersecting surfaces
approach from Chertkov (2005)) contributing to the soil
when the grains are in (imagined) contact (see below). By
definition the critical value c=c* corresponds to such clay
content that is necessary and sufficient to fill in the pores
between the contacting silt and sand grains contributing to
the soil aggregates in the oven-dried state. It is obvious that
at c>c* (Fig. 1a) the silt and sand grains cannot be in contact
(and even more so at water content #>0), and the space
between them is filled in with clay. In this case (Fig. 1a)
there are no lacunar pores and the lacunar factor A/=0 (since
dulp*zo in Eq.(1)). We are interested in the opposite case of
c<c when the space between contacting silt and sand grains
inside aggregates is not totally filled in with clay and
contains lacunar pores. However, in fact, at c<c* the grain
arrangement with total contact inside aggregates is neither
the only possible nor the most probable case. In real soils
many silt and sand grains in the intra-aggregate matrix do
not touch even at c<c* (Fig. 1b). This means that at a given
clay content the soil can have different lacunar porosity. The
lacunar factor, k£ determines the transition from the initial

a Aggregate b

Lacunar

pore
Mean thickness
of interface layer

Silt-sand grains
of intra-aggregate matrix

Clay of intra-aggregate
matrix

Clay of interface
layer

Silt-sand grains
of interface layer

Fig. 1. Illustrative scheme of the internal structure of soil aggre-
gates at a clay content (the modified Fig. 2 from Chertkov, 2008a):
a— c>c*, without lacunar pores; b — c<c*, with lacunar pores and
possible non-totally contacting silt and sand grains. c¢* is the critical
soil clay content.
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(relative) volume of lacunar pores at maximum soil swel-
ling, u;p, to the final (relative) volume of the lacunar pores at
maximum shrinkage, up, (>upp) (indices ‘h” and ‘z” corre-
spond to the maximum swelling and shrinkage, respecti-
vely) as (Chertkov, 2007¢):

A3)

where: v, and v, are the relative volume of the contributive
clay at the maximum swelling and in the oven-dried state,
respectively; ug is the relative volume of the silt and sand
component of the soil.

Our objective is to estimate the & factor of a soil from its
characteristics. One could use Eq. (3) to estimate the & value
of a concrete soil if the u; and u,, values of the soil are
known. However, the k lacunar factor in itself does not
depend on the initial (”Iph) and final (ulpz) lacunar pore
volumes that, as noted above, can be different at a given £.
Note that the lacunar pores develop inside aggregates. For
this reason and according to its physical meaning, the k value
can only depend (except for the soil clay content, c) on the
characteristics of the intra-aggregate matrix (Fig. 1b) such
as those of the contributive clay — the relative volume of clay
solids, v, and oven-dried clay, v, (Chertkov, 2000, 2003) as
well as the porosity, p of contributive silt and sand grains
when they are in the state of (imagined) contact. These cha-
racteristics enter the expression for ¢* (Chertkov, 2007a) as:

4)

For this reason we assume that at ¢<c* (Fig. 1b) the soil
lacunar factor £ as a function of the clay content, ¢ is a univer-
sal function k(c/c*) of the ¢/c* ratio at 0<c/c*<l1 (at ¢/c*>1
k=0, Fig. 1a). With that, the k(c/c*) function meets the
following obvious physical conditions (Fig. 2):

k0)=1,k(0)=0, k(c/c*~>1-6)=0, k*(c/c*—>1-g)>-c0 .

Ulph:ulpz'k(l 'uS)(Vh'Vz),

= 1+(va/vs)(Up-D] ™.

)

Indeed, there is the qualitative difference between the cases
of Fig.1a, b. For this reason, at the transition from c¢/c*=1+¢
to c/c*=1-¢ (¢ is an infinitesimal value, Fig. 2) k changes
dramatically from zero (for the case of Fig.la) to a very
small, but finite value (for the case of Fig.1b). This is why
the two last conditions of Eq. (5) take place. Note that for
real soils even with a small clay content, ¢ the k values very
close to unity are practically unobservable because at any
clay content the ¢/c* ratio usually exceeds ~0.5 (Fig. 2).
This means that at least the second derivative of the k(c/c*)
function at ¢/c*->0 is also zero (Fig. 2) as:

k(0)=0. (6)

The jump-like change of k(c/c*) at transition from c/c*>1 to
c/c*<1 also means that in addition to k‘(c/c*->1-¢)— -0 at
least:

k(c/c*—>1-¢) = -o0,

(7
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Fig. 2. The solid curve simultaneously illustrates: a — the quali-
tative view of k(c/c*) dependence that flows out of the physical
heuristic considerations before its derivation, b — the analytical
dependence of k(c/c*) (Eq. (14)) derived in the work. White
squares show experimental data from sixteen soils (the numbers
refer to soils shown in Tables 1 and 2).

Then at small ¢/c* values one can approximate k(c/c*) as
(Fig. 2):

k=1-D(c/c*)’, clex<<1  (D>0), (8)

if the first two conditions of Eq. (5) and condition of Eq. (6)
are taken into account. Similarly, using the last two condi-
tions of Eq. (5) and condition of Eq. (7) one can approximate
the ¢/c* ratio as a function of k at small k values as (Fig. 2):

cle*=1-D’k, k<<l (D’>0). 9)
We replace Eq. (8) with:
k=[1-(c/c*)*]P, cle*<<1, (10)

that coincides with Eq. (8) at ¢/c*<<1. Similarly, we replace
Eq. (9) with:

cler=(1-K)P, k<<l,

(11

that coincides with Eq.(9) at k<<1. Now using Eq.(11) one
can write:

k=[1-(c/c*)""P '3, 1-cle*<<1 .

(12)

The approximations of k(c/c*) in the vicinity of ¢/c*=0
(Eq. (10) and Fig. 2) and ¢/c*=1- ¢ (Eq. (12) and Fig. 2) lead
to heuristic considerations about k(c/c*) dependence in the
intermediate area and can obviously be used in such an area.
Thus, we assume that (Fig. 2):

D
[1—(c/c*)3] , O<c/c*<x,

- /3
[1—(c/c*)1/D] , X, <clct<l1

(13)
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To find the x,, D and D’ values we have the conditions of
continuity and smoothness of k(c/c*) at c/c*=x, (Fig. 2). In
addition the k(c/c*) expression should be a single-valued
one in the range of 0<c/c*<1. The simple calculation based
on these three conditions results in D=D'=0.3286 and
X,=0.795. Thus, finally (Fig. 2):

0.3286
] , 0<c/c*<0.795

—(c/e*)?
D=

B 1/0.3286 13 (19
[1—(c/c*) ) ] , 0.795<c/c*<1

The curve of k(c/c*) from Eq. (14) (Fig. 2) is symmetrical
with respect to the diagonal (dashed line in Fig. 2). That is,
the ¢/c* ratio as a function of &, mathematically coincides
with the &(c/c*) function from Eq. (14). One can also see that
the expressions for k(c/c*) at 0<c/c*<0.795 and 0.795<c/
c*<1 differ only a little because 1/3=0.3286. Practically,
one can use the simple expression l’cE[l-(c/c*)3]1/3 in the
total range 0<c/c*<1 and 0<k<1, but the presentation of Eq.
(14) is still more theoretically substantiated. The data on
k(c/c*) dependence and comparison between them and the
theoretical presentation (Eq. (14)) will be considered below.

MATERIALS AND METHODS

To confirm the model in this work we are interested in
independent findings of the soil lacunar factor, & and c/c*
ratio that possibly cover a wider area within the limits of the
formal ranges of 0<k<1 and 0<c/c*<1. One soil (with ¢/c*<1)
gives one point on the (¢/c*, k) plane. For that soil we need
data or estimates of k, ¢, and v, v,,, p to find c* (Eq. (4)). Data
that could be attracted for checking the model are available
in the literature. We used data for sixteen soils (with ¢/c*<1)
to extract the corresponding £, ¢, vs, v,, and p value sets:
seven soils from Braudeau et al. (2005), seven soils from
Boivin et al. (2006), and two soils from Braudeau and
Mohtar (2004). These soils are indicated and numbered in
Table 1. The primary data for each soil that we used included
the experimental shrinkage curve, soil clay content (¢), and
soil solid density (p ). All characteristics of the sixteen soils
givenin Table 1 (except for data on c and p ; that were imme-
diately taken from the above three references) were estima-
ted as a result of the analysis of the experimental shrinkage
curve for each soil. The analysis was recently described in
detail (Chertkov, 2007a, c¢) and is destined for construction
or prediction of the reference shrinkage curve using a num-
ber of physical soil characteristics (the latter, in principle,
can be found independently of a shrinkage curve). In par-
ticular, the above data on the shrinkage curves for the seven
soils from Braudeau ef al. (2005) have already been analy-
zed (Chertkov, 2007¢). All characteristics of these soils in
Tables 1 and 2 that will be used for aims of this work,
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reproduce estimates from Chertkov (2007c). The data for the

other nine soils were analyzed for the first time. As exam-

ples, Figs 3 and 4 show the predicted curves and shrinkage
curve data for two soils of these nine. To predict the refe-
rence shrinkage curve, one needs (Chertkov, 2007¢):

— the oven-dried specific volume, Yz;

— maximum swelling (gravimetric) water content, Wh;

— mean solid density, p;

— soil clay content, c;

— oven-dried structural porosity, Pz;

— the ratio of aggregate solid mass to solid mass of intra-
aggregate matrix, K;

— the lacunar factor, £;

— water content Wh* with a displacement relative to # that
is similar to the displacement of the true saturated line
relative to pseudo-one.

The Y,, W, and W} * values were estimated from the ini-
tial and final points of shrinkage (Figs 3 and 4). In estimating
the structural porosity, P, we took into account that P, dif-
fers of zero if the shrinkage curve has a horizontal section at
water content >, , that is higher than the maximum swel-
ling point (Chertkov, 2007¢). The size of the section determi-
nes the specific volume of the structural (inter-aggregate)
pores, Ugand P,=U/Y,. If U=0 P,=0 (as in Figs 3 and 4). In
this work K was estimated using its definition as the W} /w;*
ratio (Chertkov, 2008d). Finally, k£ was estimated as 1-Sp
(Eq. (2)) where S is the slope of the experimental shrinkage
curve in the basic shrinkage area (Figs 3 and 4 at W <W<W).

Parameters v, v,, u,, and ug (Table 2) were also estima-
ted (u,, is the oven-dried relative volume of the intra-aggre-
gate matrix; ug is the relative volume of the non-clay solids)
in the course of the construction of the reference shrinkage
curve for a soil (Figs 3 and 4) according Chertkov approach
(2007a, ¢). These parameters enable one to estimate the p
and then c¢* values as follows. The porosity p of the contri-
butive silt and sand grains in the state of (imagined) contact
is an independent soil property that can be measured in the
soil analysis. However, for the soils under consideration the
direct data on p were unavailable. For this reason we appro-
ximated the p value of a soil by some average, p,, as:

(15)

from the upper (pyax) and lower (ppin) boundaries of p at
given v, v,, u,, ug, and ¢ (Chertkov, 2007c¢) as:

Pav:(pmax+l7min)/ 2

pmax:] 'us/uz, pmln:[ 1 +(Vs/VZ)(1/C' 1 )]-1. (1 6)

Then the critical clay content, ¢* was estimated from Eq. (4)
with p=p,,. Table 2 shows the pax, Pmin, Pay> *» and c/c*
values that were found for the sixteen soils. In connection
with the above estimation of the p=p,, value, it is worth
noting that in many cases (Table 2) the range p,in<p<Pmax 1S
quite narrow, that is (PmaxPmin)/Pmin<<!.
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Fig. 3. Shrinkage curve data (white squares) and prediction (solid
line) corresponding to soil 14 in Tables 1 and 2 and point 14 in
Figs.2 and 5. The dotted line is parallel to the shrinkage curve in the
basic shrinkage area. Dashed and dash-dot inclined lines are the
true and pseudo saturation lines, respectively. The water contents
W,, Wa, Ws, Wy, and Wy *, correspond to shrinkage limit, end-point
of basic shrinkage, end-point of structural shrinkage, maximum
swelling, and filling of lacunar pores (if they are filled in),
respectively. The specific volumes Y, and Y} correspond to oven-
dried state and maximum swelling, respectively. wy* is the maxi-
mum contribution of the intra-aggregate matrix to the total water
content W, at maximum swelling. Uy =(Wy*-Wy)/p,, is the
specific volume of lacunar pores in the intra-aggregate matrix at
maximum swelling.
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Fig. 4. Shrinkage curve data (white squares) and prediction (solid
line) corresponding to soil 16 in Tables 1 and 2 and point 16 in Figs
2 and 5. Explanations as in Fig. 3.

RESULTS AND DISCUSSION

The solid curve in Fig. 2 shows the theoretical depen-
dency k(c/c*) from Eq. (14). Estimates of ¢/c* and k for the
sixteen soils from Table 2 are shown by the numbered points
in Fig. 2 with the theoretical line. The numbers correspond to
numbers of the soils in Tables 1 and 2. In Fig. 2 all the points
are for values of ¢/c*>0.5 although the clay content of the
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soils varies in the wide range 0.065<¢<0.648 (Table 2). In
this connection it is worth noting some obvious correlation
between the ¢ values and found ¢* values of a soil (Table 2).
This is why the soils with the relatively small clay content do
not provide the information on 4(c/c*) dependency at ¢/c*<0.5.
This fact was mentioned and used in the substantiation of
Eq. (6) (see lines before Eq. (6)).

The experimental errors of ¢/c* and k can be estimated
as follows. The standard deviation dc of ¢ is estimated, by
order of magnitude, by the unit of a last decimal sign (Table
2): 0c ~ 0.001. Accounting for the ¢ values in Table 2
0c/c=<0.01-0.02. Since c¢* correlates with ¢ (Table 2) for
Oc*/c* we also have the similar estimate dc*/c*<0.01-0.02.
Then, denoting the standard deviation of c¢/c* by D, one has
D/(clc*)=|0c/clHoc*/c*<0.02-0.04. That is, D.<(0.02-0.04)
(c/c*). Furthermore, we can estimate the standard deviation
of k for a soil as D ~ 0§ =S(|0a/a|+|0p/b])S where: S is the
slope of the soil shrinkage curve in the basic shrinkage area
(k=1-S, here we omitted p,,), S is its standard deviation,
and S=a/b (a and b are the vertical and horizontal projections
of the linear section of the shrinkage curve at W,<W<W;
Figs 3 and 4). By order of magnitude the relative measu-
rement accuracy of a and b values is da/a~0b/b<0.01-0.02.
That is, D <(0.02-0.04)5=<(0.02-0.04) (because S<1). It is
seen (Fig. 2) that the above standard deviations of the c¢/c*
ratio, D, for the sixteen soils are appreciably smaller than the
c/c* ratio variation A(c/c¥*)=0.5 in the available range
0.5<c/c*<1: Do/A(c/c*)<<1. The same is true for the k factor
in the available range 0<k<l1: Dy/Ak ~D<<1. Hence, the
available ranges of the experimental ¢/c* values and k values
are large enough to consider discrepancies between experi-
mental points (c/c*, k) and the theoretical line in Fig. 2 as
having statistical meaning. There are three possible sources
for these discrepancies:

— approximations in the derivation of the theoretical line
k(c/c*),
— measurement errors of the shrinkage curve,
— the procedure for counting the vs and vz parameters as well
as estimating the porosity, p of contacting grains through pay.
Nevertheless, the above estimates of the experimental errors
of k and c/c* (D and D,,) as well as the distribution of the
points around the theoretical curve in Fig. 2 show that the
discrepancies do not, as a rule, surpass two standard devia-
tions along the ¢/c* and/or k axes. Hence, one may say that,
in spite of the approximations used, the predicted model line
k(c/c*) and values estimated for sixteen soils from published
data do agree.

The k(c/c*) dependence (Eq. (14)) can be practically
written as k3=1-(c/c"‘)3 also ie as a linear relation between &°
and (c/c*)3. For this reason still another formal presentation
of the k(c/c*) dependence is possible on the ((c/c*)3 , k3)
plane. Figure 5 shows this presentation that is also convenient
for the comparison between the theory and data. Note that
the standard deviations of &° and (c/c”‘)3 are <3Dyand <3D,
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Fig. 5. Presentation of the theoretical dependence of k(c/c*) (solid
line) and experimental data (white squares) in coordinates x=
(cle*), y:k3 (the numbers refer to soils shown in Tables 1 and 2).

respectively. Accounting for that one can see that the
discrepancies between the data and theory in Fig. 5 also do
not exceed two standard deviations of (c/c*)3 and/or .

The published works considering the reference shrin-
kage curve model contain the data analysis of the limited soil
number: eight soils with sufficiently high clay content
(c/c*>1, k=0) (Chertkov, 2007a, b) and seven soils with
sufficiently low clay content (c/c*<1, 0<k<1) (Chertkov,
2007c¢). The soils from 8 through 16 (Table 1) are of addi-
tional interest from this viewpoint allowing one to broaden
this soil list. Figs 3 and 4 show examples of the comparison
between experimental (Boivin et al., 2006; Braudeau and
Mohtar, 2004) and predicted (using the approach from
Chertkov, 2007a, c¢) shrinkage curves for soils 14 and 16
from Table 1, respectively. Table 1 also shows the maxi-
mum relative difference 0=max(|Y-Y,|/Y,) between the pre-
dicted (Y) and experimental (Y,) values of the specific volu-
me for the soils under consideration. One can see that in the
majority cases the 0 value is quite small and in any case is
within the limits of experimental error.

CONCLUSIONS

1. There were presented some consideration and results
to show that the lacunar factor, as a fundamental property of
aggregated soil with sufficiently small clay content, can be
found independently of an experimental shrinkage curve
based on a number of measured soil parameters.

2. A theoretical expression for lacunar factor as a function
of the clay content to its critical value ratio was derived.

3. This expression was validated using available data on
sixteen soils.

V.Y. CHERTKOV

4. The measured physical soil parameters for finding the
lacunar factor are: soil clay content (¢); porosity of the silt
and sand grains (contributing the soil) in the (imagined)
contact state (p); relative volume of solids of contributive
clay (v ); and relative volume of contributive clay in the
oven-dried state (v,).

5. The analysis in the work allowed the supplementary
substantiation of the reference shrinkage curve model on the
data of new soils.
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