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A b s t r a c t. Hoppers are frequently used in steel silos, espe-
cially in farm facilities and food industries. These structures 
occasionally have an oblique hopper with an eccentric outlet to 
improve the flow of material during discharge. The 2006 version of 
the European standard EN 1991-4 uses classical Walker theory to 
predict wall pressures on concentric hoppers, but oblique hoppers 
are not considered. The authors have developed a Finite Element 
Model to predict the wall pressures on oblique hoppers and several 
sensitivity analyses have been made to study the possible influence 
of different parameters including outlet eccentricity, the outlet cir-
cumferential position, the aspect ratio of the silo and hopper, and 
different stored materials. The results show that the circumferential 
location and eccentricity of the outlet are the main factors affect-
ing the pressures on oblique hoppers. A semi-empirical equation 
is proposed to estimate the expected pressures on oblique hoppers 
which is designed to match with the maximum normal pressure 
obtained from the simulation, and to provide a good representation 
for the circumferential distribution of normal pressures. The results 
of this research may be of interest with regard to the upcoming 
revised version of the European standard EN 1991-4.

Keywords: Finite Element Method,  granular materials, 
oblique hoppers, wall pressures, steel silos

INTRODUCTION

Commercial silos are occasionally designed with an 
oblique hopper in order to facilitate the flow of the bulk solid 
stored during the discharge process. The term ‘oblique hop-
per’ refers to those hoppers where the outlet centroid is not 
aligned with that of the bin part of the silo. The distribution 
of normal pressures exerted by a static bulk granular solid 
on the walls of a concentric conical hopper is well known in 
the field of silo design and it has already been included in the 
European Standard concerning silos and tanks EN 1991-4 
(2006) under both filling and discharge conditions.

The derivation of the equations included in the current 
version of EN 1991-4 is considered to have been first devel-
oped by Dąbrowski (1957), though it is commonly attributed 
to Walker (1966). However, EN 1991-4 (2006) does not 
provide adequate guidance or equations in its current form 
with which to calculate the pressures exerted by the bulk 
solid on the inner surface of the wall of oblique hoppers, 
despite the fact that some numerical analyses have predicted 
the existence of asymmetrical patterns of pressures in such 
hoppers for filling conditions (Ayuga et al., 2001; Guaita 
et al., 2003; Vidal et al., 2006b). Besides, these pressure 
asymmetries have been reported for discharge condition by 
Ramirez et al. (2010) in silos having oblique hoppers.
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Many experimental tests have been conducted to deter-
mine the pressures produced by the stored material against 
the silo walls in bins (Do Nascimento et al., 2013; Couto 
et al., 2012; Molenda et al., 2009; Brown et al., 2000). 
However, fewer research studies refer to the measurement 
of wall pressures on hoppers for filling, and all of them 
consider a centric outlet (Ding et al., 2014; Ramirez et al., 
2010; Munch-Andersen et al., 1992; Aoki and Tsunakawa, 
1969). Aoki and Tsunakawa (1969) measured normal wall 
pressures for concentric steep hoppers using dry silica as 
a testing material. A small model hopper was considered in 
this research, and it was found that wall pressures measured 
for the filling condition agreed with the theoretical values 
predicted by Walker (1966). Ramirez et al. (2010) conducted 
several tests on three large scale silos employing wheat and 
maize as testing materials. The cylindrical part of the silo had 
an aspect ratio of 2.63 (height 5.0 m and diameter 1.9 m), 
while the height of the hoppers was 1.9 m and the diameter 
of its circular outlet was 0.32 m. In addition, three different 
outlet eccentricities were considered: 0, 50 and 100%.

Ramirez et al. (2010) compared the normal wall pres-
sures under eccentric outlets with the corresponding values 
for the concentric case during the filling and discharge 
processes. During the discharge process, it was found that 
higher than normal wall pressures were obtained for the 
wall location opposite to the outlet, while lower pressures 
occurred at the wall location closer to the outlet. However, 
for the filling condition with wheat it was found that the 
higher the hopper eccentricity, the higher the load observed 
at the transition on the location nearest to the eccentric 
outlet. Filling pressures with maize were more uniformly 
distributed around the silo wall. Ramirez et al. (2010) theo-
rized that the pattern of the observed filling pressures might 
be influenced by the inclination of the tube used for filling 
the silo, which could lead to an eccentric filling.

Ding et al. (2014) constructed a shallow concentric 
hopper of 2.52 m in diameter, 1.21 m in height and with 
a 0.1 mm outlet diameter to measure normal pressures and 
friction coefficients at 4 different height levels. The meas-
ured normal wall pressures at the end of filling process 
were significantly higher than those predicted by Walker 
theory (1966), because in shallow hoppers with a large 
apex half angle the wall friction is not fully mobilized. On 
the other hand, the normal wall pressures predicted by the 
Rotter (2001) theory for shallow hoppers were very close to 
the experimental values measured. Rotter (2001) proposed 
the consideration of the same mechanics for shallow hop-
pers as those suggested by Walker (1966) but adopting an 
effective hopper wall friction coefficient that would reflect 
a wall friction that is not fully mobilized.

Some analytical approaches have been proposed to deter-
mine the wall pressures on oblique hoppers. Michalowski 
(1983) derived a formulation to calculate the normal pressures 
for wedged oblique hoppers, with regard to different wall 
inclinations. The method developed by the author requires 

a knowledge of the distribution of the normal stress along the 
differential slice where the equilibrium is set. However, as 
a plane stress condition was assumed, the change in the angle 
of inclination of the hopper wall along the circumferential axis 
could not be considered. Matchett et al. (2009) also proposed 
a formulation for stress distribution within the bulk solid for 
wedged oblique hoppers, with a principal stress orientation 
that follows a circular arc, thereby allowing the backward 
numerical integration of the force balance equations, and ena-
bling surface and wall boundary conditions to be modelled. 
The formulation considers different wall inclinations for left 
and right walls, but again a plane stress condition is assumed.

Many numerical models have been developed to analyse 
the behaviour of bulk solids stored in concentric hoppers. 
Finite element (FE) models are used to consider the exist-
ence of hoppers in order to obtain the pressures on the 
walls produced by the stored material (Rotter et al., 2019; 
Kibar, 2017; Wang et al., 2013; Ding et al., 2011), predict 
the discharge rate of the material (Zheng et al., 2017), wall 
stresses (Kibar and Ozturk, 2014) or flow characteristics 
during emptying (Zheng and Yu, 2015). More recently, the 
Discrete Element technique has been used to characterize 
the flow (Zhang et al., 2018), discharge rate (Kumar et al., 
2018) or particle segregation of materials stored in hop-
pers (Xiao et al., 2019). However, none of these numerical 
works considers the existence of oblique hoppers.

Ayuga et al. (2001) and Guaita et al. (2003) devel-
oped Finite element models to study the possible effects of 
eccentricity on the filling pressures of oblique hoppers. The 
numerical results obtained in these studies concluded that 
higher wall pressures would appear at wall locations oppo-
site to the outlet than those corresponding to the concentric 
case, while a reduction in wall pressures was detected close 
to the outlet. In addition, the higher the outlet eccentricity, 
the higher the discrepancy with the concentric case which 
was found for both opposite wall locations.

Guaita et al. (2003) showed that normal pressures on 
oblique hoppers with full eccentricity tend to follow Janssen´s 
distribution even for the hopper, and only a progressive 
decrease in normal pressures was detected because of the silo 
radius decrease in the hopper. Vidal et al. (2008, 2006a) also 
corroborated these observations for bin-hopper silos, where 
the real supporting elements were simulated, thereby con-
firming that the value of the membrane and stress resultants 
between the supporting columns was also affected by the out-
let eccentricity. However, these FE models did not analyse the 
possible influence of the hopper aspect ratio, silo dimensions 
or different stored materials in the pressure values.

Therefore, at present, none of the analytical methods pro-
posed in the literature can be directly applied to conical oblique 
hoppers. Furthermore, the few available results obtained in 
numerical models (Guaita et al., 2003; Ayuga et al., 2001) or 
the experimental tests conducted (Ramirez et al., 2010) do not 
allow for the generalization of any formulation or procedure to 
estimate the wall pressures on oblique hoppers.
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The research work presented in this paper aims to for-
mulate a design equation that would consider the main 
parameters affecting the calculation of normal pressures on 
oblique hoppers, e.g., the hopper aspect ratio, bin aspect 
ratio, hopper eccentricity, wall friction coefficient, wall cir-
cumferential location and the material stored in the silo. To 
this end, a finite element model was developed to calculate 
the expected normal pressures on oblique hoppers for the 
different cases analysed.

MATERIALS AND METHODS

The normal pressures acting on the walls of a conical 
hopper with a centric outlet (Eq. (1)) taking symmetric filling 
conditions into account, pnf, are included in EN 1991-4 (2006) 
by using Walker theory (Rotter, 2009), and also includes the 
changes proposed by Rotter (2001) for shallow hoppers. An 
effective hopper wall friction coefficient is used for shallow 
hoppers because wall friction is not fully mobilized:

pnf = Ff pvf . (1)

For filling conditions, the value of Ff may be obtained 
according to Eq. (2), where µh is the wall friction coefficient 
for the hopper, β is the hopper apex half angle, and a is an 
empirical constant (a=0.8 for filling). For shallow hoppers, 
the effective or mobilized coefficient of wall friction, µheff, 
is used instead of µh, and it may be obtained according to 
Eq. (3), through the lateral pressure ratio (K), and the hop-
per apex half angle (β):

Ff =
1 + aµh cot β

1 + µh cot β
, (2)

µheff =
(1−K)

2 tan β
. (3)

The value for the mean vertical filling stress in the bulk 
solid, pvf, acting at vertical coordinate x which is defined as pos-
itive upwards from the hopper apex is given by Eq. (4), where 
γ is the specific weight of the stored material, pvft is the mean 
vertical stress acting at the location of the bin-hopper transition, 
hh is the vertical height between the hopper apex and the transi-
tion, and the exponent, n, is calculated by using Eq. (5):

pvf =
γhh

n− 1

{(

x

hh

)

−

(

x

hh

)n}

+ pvft

(

x

hh

)n

, (4)

n = 2 (Ff µh cot β + Ff − 1) . (5)

An FE model was developed with ANSYS (2012) com-
mercial finite element software by assuming the existence of 
rigid wall filling conditions. The elements used were eight-
node isoparametric 3D cubic elements (SOLID45) used to 
represent the grain, which has plasticity, stress stiffening, 
a large degree of deflection, and relatively high strain capa-
bilities. The interaction between the stored material and the 
silo wall was simulated by using a surface contact represen-
tation via TARGE170 and CONTA173 elements, and the 

friction mechanism was assumed to follow Coulomb´s the-
ory. A detailed description of the procedure may be found 
in Gallego et al. (2010).

An elastoplastic constitutive model was used to simu-
late the behaviour of the material. A classic linear-elastic 
relationship was used for the elastic part, while the yield 
criterion of Drucker and Prager (1952) was considered 
for the plastic part. The mechanical parameters required 
to simulate the elastic region are Poisson´s ratio (ν), and 
the modulus of elasticity (E). The value for Poisson´s ratio 
was deduced (Eq. (6)) from the lateral pressure ratio (K), 
defined in EN 1991-4 to facilitate a comparison of the 
numerical results with Eurocode predictions.

On the other hand, the values for the modulus of elastic-
ity were calculated according to Eq. (7), where EsU (z) is the 
effective unloading elastic modulus of the stored solid at 
depth z (as measured from the top of the bin section), EsUo 
is the initial unloading effective modulus, χU is the unload-
ing modulus contiguity coefficient and pvf (z) is the vertical 
pressure at depth z:

ν =
K

1 +K
, (6)

EsU (z) = EsUo + χU pvf (z) . (7)

The values for the modulus of elasticity adopted for 
each material and model were deduced from the parameters 
included in Table 1 (originating from internal experimen-
tal tests that were not published), and the vertical pressure 
existing at the location of the bin-hopper transition, calcu-
lated according to EN 1991-4 (2006). The behaviour of the 
material is completely elastic during the unloading stage, 
this is the reason why the values used for the parameters 
required were adopted from this part of the test. The val-
ues of the angle of internal friction (ϕ), were adopted from 
EN 1991-4 (2006), while the values for cohesion (c), and 
the angle of dilatancy (ψ), were selected from the literature 
(Couto et al., 2013; Moya et al., 2013; Moya et al., 2002).

Ta b l e  1. Mechanical parameters considered for stored materials

Parameter Wheat Sugar Iron Ore 
Pellets

Specific weight (γ, kN m–3) 9.0 9.5 22
Initial unloading effective modulus 
of elasticity (EsUo, kPa) 4700 1730 1500

Unloading modulus contiguity 
coefficient (χU) 100 390 480

Lateral pressure ratio (K) 0.54 0.5 0.54
Poisson’s ratio (ν) 0.35 0.33 0.34
Angle of internal friction (ϕ, °) 30 32 31
Cohesion (c, kPa) 2 0 0
Dilatancy angle (ψ, °) 10 0 10
Grain-to-wall friction coefficient (µ) 0.38 0.46 0.49
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A bin-hopper geometry was adopted to simulate the silo 
(Fig. 1a), while the geometry of an oblique hopper was devel-
oped according to the plan view as defined in Fig. 1b, where 
θ denotes the circumferential position for the oblique hopper 
wall considered, with the origin (θ=0º) at the wall location 
closest to the eccentric outlet. The dimensions of the different 
parameters used to construct the silo geometry may be found 
in Table 2.

Table 2 also shows the different values considered for 
sensitivity analyses. The values adopted for the aspect 
ratio of the bin section (H/D) are those most widely used 
in commercial silos. For the same reason, the different val-
ues employed for the oblique hopper aspect ratio (Hh/D) 
are those typically used by silo manufacturers. The angle of 
inclination of a concentric cylindrical hopper with respect 
to the horizontal axis usually ranges between 45 and 60º 
to facilitate material flow during discharge. Thus, the cor-
responding oblique hopper aspect ratios (Hh/D) would be 
0.5 and 0.86 respectively. However, two additional hop-
per aspect ratios of 0.63 and 1.2 have also been considered 
(corresponding to angles of inclination 51 and 68º) in order 
to investigate the possible influence of this parameter.

RESULTS

The outlet eccentricity ratio (e0), may be obtained from 
the outlet eccentricity of the hopper and the diameters of 
the bin and hopper sections of the silo (Eq. (8)). In order to 
allow for a comparison to be made between the FE results 
corresponding to the different hopper aspect ratios, (R/Hh), 
dimensionless hopper heights (Z), have been obtained 
(Eq. (9)), by normalising the vertical height between the 
hopper apex and the hopper location (Zh), by using the verti-
cal height between the hopper apex and the hopper top (Hh):

e0 =

(

2Ecc

D −Do

)

, (8)

Z =

(

Zh

Hh

)

. (9)

In addition, in all cases a coefficient (Coh,f) has been 
obtained corresponding to the oblique hopper analysed for 
filling (Eq. (10)), where the normal pressures predicted 
by the FE model (pn), are divided by the normal pressures 
obtained according to the Eurocode standard (pn,EN), for 
a silo with a concentric hopper.

Coh,f =

(

pn

pn,EN

)

. (10)

Fig. 2 shows the normal wall pressures calculated for 
a silo with an aspect ratio (H/D=2) for the bin, 60º for the 
oblique hopper (Hh/D=0.86) and considering wheat as the 
stored material. It may be checked if the normal pressures 
predicted by the FE model match the values provided by 
EN 1991-4 (2006) for the bin section, while they are slight-
ly lower for the hopper assuming a concentric case (e0=0).

The FE results further illustrate that the normal wall 
pressures increase with the oblique hopper eccentricity 
for the wall location opposite to the outlet (circumferen-
tial position θ=180º), while a decrease is detected for the 
wall location closer to the outlet (circumferential position 

Fig. 1. Geometry of the simulated silo; a) dimensions of bin and 
hopper; b) parameters defining silo hopper.

Ta b l e  2. Dimensions considered for geometrical parameters

Parameter Dimensions
D: diameter of silo 6 m
R: radius of silo 3 m
Do: diameter of outlet 1 m
Ro: radius of outlet 0.5 m
H: vertical height of bin section 6-12-18 m
T: vertical height of hopper section 6.25-4.33-3.125-2.5 m
(H/D) Aspect ratio for the bin section 1-2-3 
(Hh/D) Aspect ratio for the oblique 
hopper

0.5-0.63-0.86-1.25

Ecc: Outlet eccentricity of the oblique 
hopper

0-0.625-1.25-1.875-2.5 m
Fig. 2. Wall normal pressures obtained for wheat, considering 
different outlet eccentricities, e0, and circumferential positions θ; 
a) θ=180º, b) θ=0º.
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θ=0º). This trend was obtained for all of the different cases 
and materials considered, and it matches with the results 
obtained by Guaita et al. (2003) and Ayuga et al. (2001). 
Because of the close agreement between the FE results and 
the EN 1991-4 predictions, the results for the bin section of 
the silo will be omitted in the following sections, and only 
the calculations for the hopper section will be included.

It is also important to note that the normal pressures 
predicted for the oblique hopper case (e0=1) exactly match 
those corresponding to the concentric outlet (e0=0) at 
the circumferential locations θ=90º and θ=270º (Fig. 3). 
Because of this, the normal wall pressures will be checked 
in sections 3.1 to 3.3 only for the circumferential locations 
exhibiting extreme values (θ=0º and θ=180º).

Fig. 3 shows the circumferential distribution of normal 
wall pressures obtained with FE for both extreme oblique 
hopper cases (e0=0 and e0=1), and the predictions corre-
sponding to EN 1991-4 at two different hopper heights. It 
may be seen that there is a good agreement between the 
numerical results and the Eurocode predictions for the con-
centric case (e0=0): at Z=0.5, the FE results predict a normal 
wall pressure of 33 kPa, while EN 1991-4 predicts 38 kPa, 
and a very close match was obtained at Z=0.9. A similar 
trend can also be observed for other Z values.

The increase in outlet eccentricity causes the hopper 
wall closer to the outlet (θ=0º) to be steeper, thus reduc-
ing the weight of the material transferred to the wall. This 
effect leads to a decrease in the normal wall pressures with 
regard to the concentric case. For maximum eccentricity 
(e0=1), the hopper wall would be a prolongation of the 
bin wall, then the normal wall pressures observed tend to 
follow Janssens distribution, but with some lower values 
because of the decrease in the silo radius when approach-
ing the outlet. On the other hand, the opposite effect may 
be observed for the opposite wall (θ=180º). If outlet eccen-
tricity increases, the wall opposite to the outlet becomes 
shallower, and therefore a higher weight of stored material 
must be supported by the hopper wall, thereby leading to 
greater normal pressures.

According to EN 1991-4, hoppers may be classified 
as steep or shallow, depending on several parameters. The 
hopper aspect ratio, Hh/D, affects the steepness of the hop-
per, and it is one of the parameters that can change the 
fundamental characteristics of the hopper. Friction is not 
fully mobilised for shallow hoppers (Rotter, 2001), which 
changes the distribution of normal pressures applied to 
the wall hoppers. With wheat as the stored material, a bin 
aspect ratio of H/D=2.0 was considered in this section to 
remove any possible influence of other parameters in the 
sensitivity analyses of Hh/D.

Fig. 4 shows the change in the coefficient of pressures 
for the oblique hopper (Coh,f), with respect to the hopper 
dimensionless height (Z), and the values of Hh/D considered 
for different outlet eccentricities (e0=0, e0=0.5 and e0=1) 
and both extreme wall circumferential locations (θ=0º and 
θ=180º). It has been observed for all of the cases analysed 
that Coh,f decreases from its maximum value (located at the 
bin-hopper transition) to its minimum value at the hopper 
outlet following an approximately a linear trend.

The coefficient of pressures obtained at the oblique hop-
per wall closer to the outlet (Fig. 4a-4c) is not significantly 
affected by the change in Hh/D, especially for low outlet 
eccentricities (e0=0 and e0=0.5). The values obtained for 
Coh,f when Z is in the range of 0.25 to 0.9 for the different 
cases studied are quite close, and only maximum differences 
of up to 25% between the extreme cases analysed may be 
observed for the full oblique hopper eccentricity (e0=1). Coh,f 

varies between 0.8 and 1.2 for the concentric case (e0=0) 
and at hopper dimensionless height intervals of 0.25-0.9, 
while a progressive decrease in the pressure coefficient is 
detected when the oblique hopper eccentricity increases.

The bin-hopper transition produces an abrupt change in 
geometry, which usually leads to some numerical effects 
that can slightly distort the results obtained (Keiter and 
Rombach, 2001) when a Finite Element model is devel-
oped. In addition, all displacements were restrained for 
those nodes placed at the outlet to simulate filling condi-
tions. Because of these factors, some slight differences for 
Coh,f may be found at both hopper endings: outlet (Z interval 
0.17-0.25) and bin – hopper transition (Z interval 0.9-1), 
but they are not significant and should not be considered 
during the analyses because of the singularities described.

Fig. 4d-4f shows the results obtained for the oblique 
hopper wall opposite to the outlet (θ=180º). As expected, 
the results for the concentric case (e0=0) are the same as 
those previously calculated for (θ=0º). It has also been 
checked if Coh,f is greater than 1 for eccentric oblique hop-
pers (e0>0). Again, the bin-hopper transition singularity 
affects the value of Coh,f for the Z interval 0.9-1, while their 
values remain almost stable up to Z=0.5, with no significant 
differences found among the different Hh/D values.

The values for Coh,f obtained at specific Z locations to 
calculate the Hh/D values were considered to have been rep-
resented by (Figs 5 and 6) in order to find possible trends 

Fig. 3. Comparison of wall normal pressures (pn, kPa) along the 
circumferential position between Finite Element Model (FEM) 
predictions and Eurocode (EN 1991–4), for wheat at different 
hopper dimensionless heights; a) Z=0.5, b) Z=0.9.
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more clearly. The values of Coh,f obtained for the concentric 
case (e0=0) are very close to 1 for any height Z and circum-
ferential position, thus indicating that FE models predict 
the same normal pressures as those in Eurocode EN 1991-4. 
The results obtained at the circumferential locations θ=180º 
(Fig. 5) and θ=0º (Fig. 6) show that Hh/D does not affect 
Coh,f for most locations of the hopper wall, while taking into 
account the independence of the outlet eccentricity.

The maximum differences between the different Hh/D 
cases analysed are found at Z=0.25, where a 30% difference 
in Coh,f appears for the extreme cases of Hh/D considered. 
However, this height is very close to the hopper outlet, 
where normal wall pressures are significantly lower than 
those obtained at locations closer to the bin-hopper transi-
tion. The differences found in Coh,f values at locations closer 

to the transition (Z>0.75), where peak normal pressures 
appear on the hopper, are always lower than 20% for any 
Hh/D value simulated.

The increase in the bin aspect ratio, H/D, implies an 
increase in mean vertical stress in the solid at the bin-
hopper transition. This pressure value is used to obtain the 
distribution of vertical and normal pressures on the hop-
per walls. In addition, the increase in the vertical pressures 
at the transition may lead to a higher degree of confine-
ment of the stored material which may in turn influence 
the mobilization of the material and, therefore, the pattern 
of normal pressures obtained at the hopper. Three different 
H/D values were used (1, 2 and 3) in the analysis. The hop-
per aspect ratio Hh/D does not seem to significantly affect 
the normal pressures on the oblique hoppers for any outlet 
eccentricity, as concluded in the previous section. Thus, the 

Fig. 4. Coefficient of pressures obtained for the oblique hopper in a silo with a bin aspect ratio H/D=2.0, and wheat as stored material; 
a)  θ=0º, e0=0; b) θ=0º, e0=0.5; c) θ=0º, e0=1; d) θ=180º, e0=0; e) θ=180º, e0=0.5; f) θ=180º, e0=1.
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normal pressures. Table 3 shows the values obtained for the 
effective modulus of elasticity of the three materials con-
sidered for the different H/D ratios used in the FE analyses.

Fig. 7 shows the values obtained for Coh,f  at Z=0.9 for all 
of the materials considered, both reference circumferential 
locations and the H/D value were used. The values of H/D are 

value Hh/D=0.86 has been adopted in all cases because it 
corresponds to the most frequently used hopper in indus-
trial silos (60º angle of inclination).

The increase in mean vertical stress also implies a change 
in the modulus of elasticity of the material (Eq. (6)). This 
is the reason why this section includes analyses concern-
ing the possible influence of the modulus of elasticity of 
the material on the pattern of normal pressures obtained 
from oblique hoppers. An elastoplastic criterion has been 
considered for the material stored in the silo. Thus, a dif-
ferent modulus of elasticity can lead to differences in the 
behaviour of the material stored. For example, an increase 
in the modulus of elasticity leads to an increase in the rela-
tive stiffness of the material with regard to the hopper wall, 
which could eventually lead to changes in the pattern of 

Fig. 5. Coefficient of pressures obtained for the oblique hopper in 
a silo with bin aspect ratio H/D=2.0 at different hopper dimension-
less heights, Z, for circumferential location θ=180º and varying 
the outlet eccentricity; a) e0=0, b) e0=0.5, c) e0=1.

Fig. 6. Coefficient of pressures obtained for the oblique hopper 
in a silo with bin aspect ratio H/D=2.0 at different hopper dimen-
sionless heights, Z, for circumferential location θ=0º and varying 
the outlet eccentricity; a)  e0=0, b) e0=0.5, c) e0=1.

Ta b l e  3. Effective modulus of elasticity, EsU, used for stored 
materials in FE models

Material
γ EsUo xU

EsU (kPa)
(kN m–3) (kPa) H/D=1.0 H/D=2.0 H/D=3.0

Wheat 9.0 4700 100 8384 10674 10718
Sugar 9.5 1730 390 16265 22053 24365
Iron ore 
pellets 22 1500 480 41234 55570 60746
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Fig. 7. Coefficient of pressures obtained for the oblique hopper 
in a silo with different bin aspect ratios, (H/D), at circumferential 
locations θ=0º and 180º; a) wheat, b) sugar, c) iron ore pellets.

Fig. 8. Coefficient of pressures obtained for the oblique hopper 
as a function of oblique hopper eccentricity; a) wheat, b) sugar, 
c) iron ore pellets.

Ta b l e  4. Coefficients of pressure obtained at circumferential 
location θ=0º and hopper dimensionless height Z=0.9

H/D Material
Oblique Hopper eccentricity (e0)

0.00 0.25 0.50 0.75 1.00
1.0 Wheat 1.02 0.95 0.87 0.77 0.66

Sugar 1.03 0.94 0.86 0.74 0.63
Iron ore pellets 1.03 0.95 0.85 0.73 0.60

2.0 Wheat 1.02 0.94 0.87 0.77 0.66
Sugar 1.02 0.94 0.85 0.72 0.58
Iron ore pellets 1.03 0.94 0.85 0.73 0.61

3.0 Wheat 1.01 0.93 0.86 0.77 0.66
Sugar 1.01 0.94 0.85 0.72 0.60
Iron ore pellets 1.03 0.94 0.85 0.74 0.61

Ta b l e  5. Coefficients of pressure obtained at circumferential 
location θ=180º and hopper dimensionless height Z=0.9

H/D Material
Oblique Hopper eccentricity (e0)

0.00 0.25 0.50 0.75 1.00
1.0 Wheat 1.02 1.09 1.15 1.20 1.24

Sugar 1.02 1.13 1.19 1.24 1.28
Iron ore pellets 1.03 1.12 1.19 1.25 1.28

2.0 Wheat 1.02 1.08 1.15 1.20 1.24
Sugar 1.02 1.10 1.17 1.26 1.36
Iron ore pellets 1.03 1.11 1.19 1.24 1.28

3.0 Wheat 1.01 1.08 1.15 1.20 1.23
Sugar 1.01 1.11 1.18 1.23 1.28
Iron ore pellets 1.03 1.11 1.18 1.24 1.28
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not explicitly considered, because it is the preferred option to 
represent the effective modulus of elasticity obtained for each 
material (Table 2). It may be concluded that there is no sig-
nificant effect produced by the material used, the H/D ratio 
or the effective modulus of elasticity. In all cases, if the outlet 
eccentricity and circumferential location are considered, then 
similar Coh,f values are obtained for all materials independently 
of the H/D value or modulus of elasticity. The peak value of 
Coh,f  is obtained for e0=1 and θ=180º, and lies in the range 1.26-
1.36 in all cases. The minimum value of Coh,f may be observed 
for e0=1 and θ=0º, and lies in the range 0.6-0.65 independently 
of the material used or the H/D value considered. The results 
observed in Fig. 7 are also detected at any other Z location.

The numerical results obtained illustrate that the cir-
cumferential location and outlet eccentricity are the 
main factors affecting the local value of the normal wall 

pressures existing in oblique hoppers. In addition, it has 
been found that Z=0.9 provides the most significant value 
for the coefficient of pressures in oblique hoppers for both 
of the referenced circumferential locations (θ=0º and 180º).

Tables 4 and 5 show coefficients of pressure Coh,f  obtained 
at a hopper dimensionless height of 0.9 for circumferen-
tial locations of 0 and 180º, respectively, and considering 
different materials and bin aspect ratios. The aspect ratio 
considered for all hoppers was the same (Hh/D=0.86). The 
influence of the outlet eccentricity is significant, but that of 
the material was found to be negligible. Also, it is impor-
tant to check that the coefficient of the pressures obtained 
is very close to 1 for all materials or bin aspect ratios when 
a concentric outlet is considered (e0=0). This would mean 
that the pressures predicted by FE would match the normal 
pressures as calculated by using EN 1991-4. Therefore, the 
proposed equation could also be valid for the general case 
involving a concentric outlet. If all of the results obtained for 
every simulation and material are represented with respect 
to the oblique hopper eccentricity (Fig. 8), a linear relation-
ship between the coefficient of pressures and the oblique 
hopper eccentricity may be observed.

The coefficient of determination R2 is greater than 0.9 
for all of the materials considered in the various simula-
tions (Fig. 8), thereby indicating the existence of a very 
close correlation between the coefficient of pressures and 
oblique hopper eccentricity.

It can also be checked if the coefficient affecting the 
oblique hopper eccentricity ranges in the interval of 0.26-
0.36 for all cases and circumferential locations, with 
a positive sign for the circumferential location of θ=180º 
and a negative sign for the circumferential location of θ=0º.

Therefore, it is proposed that the normal wall pres-
sures in oblique hoppers (poh,f (θ)), can be calculated at any 
hopper height and for any circumferential location θ by 
multiplying the normal pressure calculated according to the 
applicable Eurocode for the concentric case (pn,EN), and the 
corresponding coefficient of pressures, Coh,f (Eq.11).

poh,f = Coh,f (θ) pn,EN . (11)
The value for the coefficient of pressures may be cal-

culated using the circumferential location (θ), the oblique 
hopper eccentricity, e0, and the coefficient obtained for each 
material, k (Eq. 12).

Coh,f = (1− k e0 cos θ) . (12)
The proposed equation would also be valid for the 

calculation of normal pressures on concentric hoppers 
according to the equations defined in EN 1991-4. In this 
case, hopper eccentricity would be e0=0, thus leading to 
a value of Coh,f=1 which would generate a uniform normal 
pressure along the circumferential position.

Fig. 9 shows a comparison between the normal pres-
sures obtained using FE modelling for an oblique hopper 
with an eccentricity of e0=1 and H/D=2, and the predicted 
values calculated through Eqs (11-12) for wheat, sugar, 

Fig. 9. Wall normal pressures along the circumferential coordinate 
obtained with FE models and predicted by proposed equations for 
oblique hopper eccentricity e0=1; a) wheat, b) sugar, c) iron ore pellets.
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and iron ore pellets by considering the values of coefficient 
k equal to 0.26, 0.36 and 0.31 respectively. A comparison of 
the results has also been carried out for three hopper dimen-
sionless heights (Z): 0.9, 0.75 and 0.5.

The normal wall pressures predicted by the proposed 
equations match the FE observed values very well, espe-
cially for hopper wall heights with greater pressures (Z=0.9 
and 0.75). If the results for wheat material and hopper 
height Z=0.9 are considered, then the difference between 
the predicted and the FE values is less than 5% for the cir-
cumferential location interval (60-300º), and the maximum 
difference is only 10% at other circumferential coordinates.

In addition, the difference between both values is only 
0.3% for a circumferential coordinate of θ=180º (59.5 kPa 
vs 59.4 kPa), at which point the maximum normal pres-
sures appear. These differences are slightly greater for 
a dimensionless hopper height equal to 0.75. In this case, 
the difference between the predicted and the FE value at 
the circumferential coordinate having a peak normal wall 
pressure (θ=180º) increases up to 4.7% (56.3 vs 53.8 kPa).

The results obtained for sugar (Fig. 9b) also show a very 
good agreement between the values predicted by the equa-
tion proposed and those obtained using the FE models. For 
example, the difference between both sets of results is only 
in the range of 0.9 and 5.5% at the dimensionless heights of 
0.9 and 0.75, respectively, and at the circumferential coor-
dinate where the peak normal pressure occurs (θ=180º).

The difference between the predicted and numerical 
values is lower than 10% for the circumferential coordinate 
interval ranging between 30 and 330º at both dimension-
less heights (0.9 and 0.75). The results obtained for iron 
ore pellets (Fig. 9c) show the same tendency as that 
observed for sugar or wheat, and only slightly greater dif-
ferences between the predicted and the numerical values 
are obtained. For example, the difference between both sets 
of results is now at 3.0% at the dimensionless height of 0.9 
and for the circumferential coordinate where the peak nor-
mal pressure occurs (θ=180º).

The equations resulting from the previous analysis 
have been derived for a limited number of materials and 
silo geometries. This means that their direct application to 
a standard for a wider range of materials and geometries 
could be risky. A magnified value of k in Eq. (12) would be 
advisable. It is not possible to indicate such a value here, 
because it depends on other factors and safety coefficients. 
These may be different for each standard.

CONCLUSIONS

A finite element model was developed to predict the 
normal wall pressures on oblique hoppers. This has cor-
roborated previous findings concerning the influence of the 
circumferential position on normal wall pressures, and the 
following conclusions were obtained:

1. A decrease in normal pressures on the wall closer to the 
eccentric outlet was predicted together with an increase of 
pressures on the opposite wall relative to a concentric hopper. 
The highest increase of pressures predicted by numerical mod-
els was not found to exceed 1.4 times the value predicted by 
Eurocode EN 1991-4 for the corresponding concentric hopper.

2. The change in pressures with respect to the concen-
tric case remains almost constant for the entire hopper wall, 
and only a low number of significant differences appear at 
the top (bin-hopper transition) or bottom (outlet) locations. 
However, the abrupt changes found at these locations may 
be explained by the numerical singularities associated with 
the development of the finite element model.

3. The outlet eccentricity of oblique hoppers also affects 
the ratio of the increase or decrease in normal wall pressures 
relative to the concentric hopper. If the outlet eccentricity 
increases, then the existing overpressure at the hopper wall 
opposite to the outlet also tends to increase, while the pres-
sures on the wall closer to the outlet tends to decrease.

4. Some parameters do not seem to have any significant 
influence over the normal pressures on oblique hoppers, 
such as the bin aspect ratio, the hopper aspect ratio, or the 
bulk material. No significant relationships have been found 
between them with respect to changes in the coefficient of 
pressures obtained for oblique hoppers.

5. An analytical equation was proposed to calculate the 
normal wall pressures on oblique hoppers, including their 
circumferential variation. The prediction of peak normal 
pressures made by the proposed equation differs by less than 
3% from the finite element simulations for the cases studied.
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